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Coherent light in intense spatio-spectral twin beams
Jan Perˇina Jr.∗
RCPTM, Joint Laboratory of Optics of Palacky´ University and Institute of
Physics of Academy of Sciences of the Czech Republic, Faculty of Science,
Palacky´ University, 17. listopadu 12, 771 46 Olomouc, Czech Republic
Intense spatio-spectral twin beams generated in the regime with pump depletion are analyzed
applying a suggested quantum model that treats the signal, idler and pump fields in the same way.
The model assumes the signal and idler fields in the form of the generalized superposition of signal
and noise and reveals nonzero signal coherent components in both fields, contrary to the models
developed earlier. The influence of coherent components on the properties of intense twin beams is
elucidated. The interference pattern formed in the process of sum-frequency generation and that of
the Hong-Ou-Mandel interferometer are shown to be able to experimentally confirm the presence of
coherent components.
PACS numbers: 42.65.Lm,42.65.Yj,42.50.Dv
I. INTRODUCTION
Optical parametric processes [1] are the most fre-
quently studied nonlinear optical processes due to their
relatively high efficiency compared to other nonlinear
processes [2]. They involve in general the whole family of
optical processes describing the interaction of three fields:
sum-frequency generation, difference-frequency genera-
tion, parametric amplification and oscillation, or fre-
quency up- and down-conversion [1]. They include, as
the degenerate case, the process of second-harmonic gen-
eration — the first observed nonlinear optical process
[3]. Optical parametric processes have been investigated
for various types of optical fields including strong coher-
ent and chaotic fields [1] as well as highly nonclassical
quantum fields with their intensities at the single photon
level [4–6]. Fields composed of photon pairs in the Fock
states with one photon localized in the signal field and
the other in the idler field occupy a prominent position
among such quantum fields due to their highly unusual
properties [7]. When the multi-mode signal and idler
fields are considered, such states are entangled in various
degrees of freedom, as a consequence of specific condi-
tions and rules governing the photon-pair emission [8].
In this case, photon pairs emerge in the process of spon-
taneous parametric down-conversion (PDC). This pro-
cess has also its intense variant, stimulated parametric
down-conversion, that provides the so-called twin beams
(TWB) composed of many photon pairs. Whereas some
nonclassical properties of individual photon pairs are con-
cealed in such more intense TWBs, other interesting and
attractive properties remain. Namely, these are the sub-
shot-noise intensity correlations between the signal and
idler fields [9–14] and ’tight’ spectral and spatial inten-
sity correlations [15–19]. Moreover, more intense TWBs
belong to macroscopic fields, i.e. fields detectable by clas-
sical detectors.
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For this reason, intense TWBs have attracted consid-
erable attention in the last twenty years [20–29]. Their
spectral as well as spatial intensity correlation functions
have been determined both theoretically and experimen-
tally. Sub-shot-noise intensity correlations have even
been experimentally exploited in quantum imaging [30]
that reveals an image via ideally-noiseless sub-shot-noise
intensity correlations [31]. They have also found their
applications in spectroscopy [32] and quantum interfer-
ometry [33], where they qualitatively improve the exper-
imental precision. Attention has also been payed to pho-
tocount statistics in the signal (or idler) field that was
identified as multi-mode chaotic (thermal) [34], owing to
the spontaneous emission of photon pairs at the initial
stage of the TWB evolution [35, 36]. This is a bit sur-
prising as the stimulated PDC plays an important role
in the creation of more intense TWBs. In theory, the
multi-mode chaotic statistics is found in the models that
assume sufficiently intense pump fields not depleted dur-
ing the nonlinear interaction [37].
However, the measurement of intensity correlation
functions of TWBs such intense that the pump field is
depleted during the interaction has revealed their unex-
pected behavior [38–41]. Whereas the models with an
un-depleted pump field predict broadening of spectral
and spatial intensity auto- and cross-correlation func-
tions of TWBs [20, 22, 37], narrowing of these correlation
functions has been observed for sufficiently intense pump
fields [38]. This has pointed out at the complicated inter-
nal dynamics of TWBs during their creation [42]. Apply-
ing the Schmidt modes for the signal and idler fields in
the analysis of the nonlinear interaction, the strong flow
of energy between the individual pump modes and their
paired signal and idler counterparts (Schmidt modes) has
been revealed [43]. This energy flow is so strong that the
most efficiently populated paired signal and idler modes
reach their maximal photon numbers for the pump pow-
ers only slightly greater than the threshold pump power
at which the coherence maxima are observed. For even
higher powers, these modes attain their maximal pho-
ton numbers somewhere inside the crystal and then loose
2their energy in favor of their pump modes. Typical max-
imal photon numbers reached under real experimental
conditions are of the order 106 − 108 photons per mode.
This shows that the stimulated emission has to play the
dominant role in the evolution of individual modes.
The observed coherence maxima have been successfully
explained by a model based on the generalized parametric
approximation [43]. In this approximation, the genuine
quantum momentum operator
i~Kaˆp(z)aˆ
†
s(z)aˆ
†
i (z) + h.c.,
written in the position-dependent creation [aˆ†(z)] and
annihilation [aˆ(z)] operators of the pump (p), signal (s)
and idler (i) modes, is substituted by the following mo-
mentum operator
i~KAp(z)aˆ
†
s(z)aˆ
†
i (z) + h.c.
that assumes a classical position-dependent pump-field
amplitude Ap(z). This approximative form of the mo-
mentum operator assumes that there occurs no classical
(coherent) amplitude in the signal and idler fields, even
when the most of the energy is moved from the pump
mode into the corresponding signal and idler modes. In
our opinion, this does not accord with the important role
of stimulated PDC in the process and the above momen-
tum operator should be extended to account for this.
Here, we suggest the following natural extension of the
above momentum operator that treats all three interact-
ing fields in the same way and uses the classical position-
dependent signal- [As(z)] and idler- [Ai(z)] field ampli-
tudes:
i~K
[
Ap(z)aˆ
†
s(z)aˆ
†
i (z) + i~KA
∗
s (z)aˆp(z)aˆ
†
i (z)
+ i~KA∗i (z)aˆp(z)aˆ
†
s(z)
]
+ h.c.
Our analysis below shows that, indeed, this momentum
operator provides coherent components in the signal and
idler fields, together with the usual chaotic contribu-
tions. Moreover, these coherent components influence
only weakly the coherence properties of TWBs compared
to the successful model based on the generalized paramet-
ric approximation [43]. We note that the transition of the
chaotic behavior for low field intensities towards the co-
herent one for greater field intensities above the threshold
of an optical parametric oscillator has been analyzed in
terms of the photon-number statistics in [44], where the
Van der Pol equation for a down-converted field has been
derived.
To distinguish the predictions of both models, we ana-
lyze the behavior of intense TWBs in the process of sum-
frequency generation and also in the Hong-Ou-Mandel
interferometer. The model with coherent components
predicts the suppression of a narrow peak in the inter-
ference pattern of sum-frequency generation. On the
other hand, it predicts a small peak in the central part
of a broad Hong-Ou-Mandel interference dip. Contrary
to this, the model based on the generalized parametric
approximation suggests a narrow peak on the top of a
broad sum-frequency intensity peak as well as a narrow
dip formed in the central part of the broad Hong-Ou-
Mandel interference dip. The presence of the coherent
components in real multi-mode TWBs means that the
observed spectral and spatial speckle grains have both
chaotic and coherent components. We note that no com-
mon coherent field covering the whole TWB is predicted.
Also, contrary to the usual model of multi-mode chaotic
TWBs the model with the coherent components predicts
the loss of sub-shot-noise intensity correlations with the
increasing TWB intensity, in agreement with the experi-
mental observations [11, 12].
The paper is organized as follows. In Sec. II, the quan-
tum model of a TWB is introduced and its dynamics
is found. Sec. III is devoted to the statistical proper-
ties of individual modes’ triplets composed of one signal,
one idler and one pump mode. Statistical properties of
the whole TWB are described in Sec. IV. The behav-
ior of TWBs in the process of sum-frequency generation
and in the Hong-Ou-Mandel interferometer is analyzed in
Sec. V. Discussion of the behavior of individual modes’
triplets for a typical experimental configuration of PDC
is given in Sec. VI. The behavior of the whole TWB in
the same configuration is analyzed in Sec. VII. TWBs
participating in the process of sum-frequency generation
and propagating in the Hong-Ou-Mandel interferometer
are investigated in Sec. VIII. Conclusions are drawn in
Sec. IX.
II. QUANTUM MODEL OF TWIN BEAMS
WITH COHERENT COMPONENTS
We describe PDC by an approximate momentum op-
erator Gˆint that is constructed upon mutually indepen-
dent modes’ triplets containing one mode from the signal,
idler and pump fields. The signal and idler orthonor-
mal modes are revealed by the Schmidt decomposition
of a two-photon amplitude describing photon pairs at
the single-photon level [45–49]. A pump mode associated
with a given signal and idler mode pair is determined by
’matching’ all three modes in the nonlinear interaction
(see below). The momentum operator Gˆint appropriate
for the radially symmetric geometry is written in the in-
teraction representation as follows [6, 7, 37, 49]:
Gˆavint(z) = i~
∞∑
m=−∞
∞∑
l,q=0
Kmlqaˆp,mlq(z)aˆ
†
s,mlq(z)aˆ
†
i,mlq(z)
+ h.c. (1)
Symbol aˆb,mlq (aˆ
†
b,mlq) in Eq. (1) denotes an annihila-
tion (creation) operator of a photon in field b in the
spatio-spectral mode indexed by mlq. Index m corre-
sponds to the azimuthal transverse angle, index l to the
3radial transverse direction and index q is used in the fre-
quency domain. Nonlinear coupling constantsKmlq differ
from mode to mode as a consequence of the varying over-
lap of the normalized signal (fs,q), idler (fi,q) and pump
(fp,q) spectral modes. Defining the non-normalized spec-
tral pump modes f
(n)
p,q along the formula
f (n)p,q (ωp) =
∫ ∞
−∞
dωsfs,q(ωs)fi,q(ωp − ωs), (2)
the coupling constant Kmlq is determined as K˜κ
‖
q , where
κ
‖
q ≡
√∫
dωp|f (n)p,q (ωp)|2 is given by the norm of the non-
normalized pump mode f
(n)
p,q and K˜ stands for a com-
mon coupling constant. The modes f
(n)
p,q are in general
neither normalized nor orthogonal. We note that the
pump modes f
(n)
p,q are properly normalized only for cw
interaction in which the modes of all three interacting
fields take the form of the Dirac δ function. The com-
mon coupling constant K˜ includes multiplicative factors
t⊥f‖ quantifying the nonlinear interaction in the medium
of length L and a factor ξ
(n)
p allowing to replace the
usual pump-field amplitudes (in V/m) by those expressed
in photon numbers; K˜ = t⊥f‖/(Lξ
(n)
p ) (for details, see
[37]). The pump-field power P , its repetition rate f and
its central frequency ω0p determine the factor ξ
(n)
p in the
form ξ
(n)
p =
√
P/(f~ω0p). It is assumed that the pump-
field power P is divided into individual pump modes
mlq linearly proportionally to their squared Schmidt co-
efficients (λ⊥mlλ
‖
q)2 divided by the squared overlap fac-
tors κ
‖2
q . Such suggested division of the overall power
P into individual pump modes accords with the short-
length perturbation solution of the Schro¨dinger equation.
This approach assigns an incident classical strong (co-
herent) amplitude ANp,mlq(0) ≡ κ˜‖(λ⊥mlλ‖q/κ‖q)ξ(n)p , κ˜‖ =
1/
√∑
q λ
‖2
q /κ
‖2
q , to an (mlq)-th mode.
The momentum operator Gˆavint in Eq. (1) provides the
nonlinear Heisenberg equations written for individual
modes’ triplets:
daˆs,mlq(z)
dz
= Kmlqaˆp,mlq(z)aˆ
†
i,mlq(z),
daˆi,mlq(z)
dz
= Kmlqaˆp,mlq(z)aˆ
†
s,mlq(z),
daˆp,mlq(z)
dz
= −K∗mlqaˆs,mlq(z)aˆi,mlq(z). (3)
In what follows, we pay attention to the dynamics of
one typical modes’ triplet and omit the indices mlq for
simplicity. The Heisenberg equations (3) can be solved
exactly only for the interacting fields with small photon
numbers using the numerical approach. For parametric
oscillators, the solution of operator equations linearized
around a stationary point can be found [50].
On the other hand, the solution of Eqs. (3) is known
provided that they are considered as classical nonlinear
equations. It can be expressed in terms of elliptic special
functions in general. However, due to the Schmidt de-
composition that symmetrizes the role of the signal and
idler fields in the nonlinear dynamics [As(z) = Ai(z)] we
are left with the following simplified nonlinear equations
written for the real amplitudes Ap and As and the real
coupling constant K:
dAs(z)
dz
= KAp(z)As(z),
dAp(z)
dz
= −KA2s (z). (4)
There exists one integral of motion, A2p(z) + A
2
s (z) =
A2p(0) + A
2
s (0) ≡ A2ps. This allows to solve Eqs. (4) as
follows [51]:
Ap(z) =
[
Aps
Apcosh(KApsz)−Apssinh(KApsz)
Apscosh(KApsz)−Apsinh(KApsz)
]
,(5)
As(z) =
AsAps
Apscosh(KApsz)−Apsinh(KApsz) ; (6)
Ap ≡ Ap(0) and As ≡ As(0). In the case of TWBs that
evolve from the signal- and idler-field vacuum states, we
have As(0) = 1/
√
2 that corresponds to the symmet-
ric ordering of field operators. We note that the sym-
metric ordering is the closest to the classical solution.
In the symmetric ordering, the incident strong pump
field Ap(0) is characterized by the amplitude Ap(0) =√
(ANp )
2(0) + 1/2. The pump field is gradually depleted
by the interaction. At certain point z0 the pump field
reaches its minimum Ap(z0) = As = 1/
√
2 correspond-
ing to the vacuum fluctuations. This occurs at
z0 =
1
2KAps
ln
[
1 +
2Aps
Aps +As
Ap −As
Aps −Ap
]
. (7)
At this point, the phases of the interacting fields change
such that the pump field begins to take its energy back
from the signal and idler fields unless z = 2z0 where all
energy is back in the pump field. Then the evolution pe-
riodically repeats. In the interval z0 ≤ z ≤ 2z0, the fields’
evolution is given by ’the mirror symmetry’ in which z is
replaced by 2z0 − z in Eqs. (5) and (6).
Whereas the classical solution describes well energy (or
photon numbers) and its flow in intense TWBs, it is un-
able to tackle their (quantum) statistical properties. For
this reason, several approximate approaches for finding
the solution of Eqs. (3) have been suggested and suc-
cessfully applied. The commonly used parametric ap-
proximation [20] considers a strong un-depleted classical
pump field, which linearizes the Heisenberg equations (3).
However, it fails in the regime with pump depletion, in
which the so-called generalized parametric approxima-
tion [42, 43] allows to find an appropriate solution. In its
framework, the following linear operator equations are
4derived:
daˆs(z)
dz
= KAp(z)aˆ
†
i (z),
daˆi(z)
dz
= KAp(z)aˆ
†
s(z). (8)
The classical pump-field amplitude Ap(z) occurring in
Eq. (8) is given in Eq. (5). The solution of Eqs. (8) is
reached in the form:
aˆs(z) = cosh[φ(z)]aˆs(0) + sinh[φ(z)]aˆ
†
i (0),
aˆi(z) = cosh[φ(z)]aˆi(0) + sinh[ϕ(z)]aˆ
†
s(0), (9)
where
φ(z) = KApsz−ln
[
Aps +Ap
2Aps
+
Aps −Ap
2Aps
exp(2KApsz)
]
.
(10)
We note that φ(z) = KApsz in the usual parametric ap-
proximation. The generalized parametric approximation,
as well as the usual parametric approximation, does not
conserve energy during the interaction. It also predicts
the chaotic statistics of the emitted strong signal and
idler fields. However, as discussed in the Introduction
this is not expected from the physical point of view as
the stimulated emission dominates over the spontaneous
one for the considered strong fields.
For this reason, we consider here a more general
momentum operator Gˆ3pint compared to that written in
Eq. (1):
Gˆ3pint(z) = i~
∞∑
m=−∞
∞∑
l,q=0
Kmlq
[
Ap,mlq(z)aˆ
†
s,mlq(z)aˆ
†
i,mlq(z)
+ γAs,mlq(z)aˆp,mlq(z)aˆ
†
i,mlq(z)
+ γAi,mlq(z)aˆp,mlq(z)aˆ
†
s,mlq(z) + h.c.
]
(11)
and amplitudes Ap,mlq(z) and As,mlq(z) ≡ Ai,mlq(z) are
given by the classical solutions (5) and (6), respectively.
The real constant γ, 0 ≤ γ ≤ 1, quantifies relative con-
tribution of the second and third terms in Eq. (11) with
respect to the usual first term (considered in the gener-
alized parametric approximation). As we will see below,
it gives the relative weight of coherent components in
the signal and idler fields of the emitted TWB. Also, the
coupling constants Kmlq are assumed real.
Concentrating again our attention to an arbitrary
modemlq the Heisenberg equations derived from the mo-
mentum operator Gˆ3pint attain the form [50]:
daˆs(z)
dz
= KAp(z)aˆ
†
i (z) + γKAi(z)aˆp(z),
daˆi(z)
dz
= KAp(z)aˆ
†
s(z) + γKAs(z)aˆp(z),
daˆp(z)
dz
= −γKAs(z)aˆi(z)− γKAi(z)aˆs(z). (12)
Three equations (12) written for the annihilation oper-
ators aˆb, b = s, i, p, together with their Hermitian con-
jugated equations giving the evolution of the creation
operators aˆ†b, b = s, i, p, form a closed set of six linear
operator equations.
Equations (12) can be partially decoupled and trans-
formed into two two-dimensional sets of equations and
two additional independent equations provided that we
introduce the following quadrature operators:
qˆb =
aˆb + aˆ
†
b√
2
, pˆb =
aˆb − aˆ†b
i
√
2
, b = s, i, p, (13)
and the sum and difference of the signal- and idler-field
operators:
qˆ+,− =
qˆs ± qˆi√
2
, pˆ+,− =
pˆs ± pˆi√
2
. (14)
We note that the introduced operators fulfill the following
commutation relations:
[qˆ+, pˆ+] = i, [qˆ−, pˆ−] = i, [qˆp, pˆp] = i. (15)
The commutation relations not written explicitly in
Eq. (15) are zero. We reveal the following equations in
the newly introduced operators:
dqˆ−(z)
dz
= −KAp(z)qˆ−(z),
dqˆ+(z)
dz
= KAp(z)qˆ+(z) +
√
2γKAs(z)qˆp(z),
dqˆp(z)
dz
= −
√
2γKAs(z)qˆ+(z),
dpˆ−(z)
dz
= KAp(z)pˆ−(z),
dpˆ+(z)
dz
= −KAp(z)pˆ+(z) +
√
2γKAs(z)pˆp(z),
dpˆp(z)
dz
= −
√
2γKAs(z)pˆ+(z). (16)
Substituting the expressions (5) and (6) for the classical
amplitudes Ap(z) and As(z) in Eqs. (16) and replacing
z by x ≡ KApsz − hps with hps ≡ ln[(Aps + Ap)/(Aps −
Ap)]/2 we arrive at the simplified equations:
dqˆ−(x)
dx
= tanh(x)qˆ−(x), (17)
dqˆ+(x)
dx
= −tanh(x)qˆ+(x) +
√
2γ
cosh(x)
qˆp(x),
dqˆp(x)
dx
= −
√
2γ
cosh(x)
qˆ+(x), (18)
dpˆ−(x)
dx
= −tanh(x)pˆ−(x), (19)
dpˆ+(x)
dx
= tanh(x)pˆ+(x) +
√
2γ
cosh(x)
pˆp(x),
dpˆp(x)
dx
= −
√
2γ
cosh(x)
pˆ+(x). (20)
5Direct integration of Eqs. (17) and (19) leaves us with
the following relations:
qˆ−(x) = cosh(x)qˆ−(x = 0),
pˆ−(x) =
1
cosh(x)
pˆ−(x = 0). (21)
The system of Eqs. (18) [(20)] simplifies when qˆ+(x)
[pˆ+(x)] is expressed as Qˆ+(x)/cosh(x) [cosh(x)Pˆ+(x)].
We then arrive at the following equations:
dQˆ+(x)
dx
=
√
2γqˆp(x),
dqˆp(x)
dx
= −
√
2γ
cosh2(x)
Qˆ+(x), (22)
dPˆ+(x)
dx
=
√
2γ
cosh2(x)
pˆp(x),
dpˆp(x)
dx
= −
√
2γPˆ+(x). (23)
The solutions of Eqs. (22) and (23) can be written for
an arbitrary γ ∈ 〈0, 1〉 in terms of the hypergeometric
functions [52].
Here, we give only the analytical solution obtained for
γ = 1 [53, 54]:
[
qˆ+(x)
qˆp(x)
]
= Fq,x(x)
[
qˆ+(x = 0)
qˆp(x = 0)
]
,[
pˆ+(x)
pˆp(x)
]
= Fp,x(x)
[
pˆ+(x = 0)
pˆp(x = 0)
]
, (24)
where
F
γ=1
q,x (x) =
1√
2cosh2(x)
×
[ √
2[cosh(x)− xsinh(x)] 2sinh(x)
−x− sinh(x)cosh(x) √2
]
,
F
γ=1
p,x (x) =
1√
2cosh(x)
×
[ √
2 x+ sinh(x)cosh(x)
−2sinh(x) √2[cosh(x)− xsinh(x)]
]
.
(25)
We note that for γ = 0 the solution
F
γ=0
q,x (x) =
1
cosh(x)
[
1 0
0 cosh(x)
]
,
F
γ=0
p,x (x) =
[
cosh(x) 0
0 1
]
(26)
corresponds to that expressed in Eq. (9).
Returning back to the variable z giving the position
inside the nonlinear crystal, we arrive at the relations:
qˆ−(z) = fq(z)qˆ−(z = 0),[
qˆ+(z)
qˆp(z)
]
= Fq(z)
[
qˆ+(z = 0)
qˆp(z = 0)
]
,
pˆ−(z) = fp(z)pˆ−(z = 0),[
pˆ+(z)
pˆp(z)
]
= Fp(z)
[
pˆ+(z = 0)
pˆp(z = 0)
]
. (27)
In Eqs. (27), we have
fq(z) = cosh(ApsKz)− Ap
Aps
sinh(ApsKz),
fp(z) =
1
fq(z)
,
Fq(z) = Fq,x(KApsz − hps)F−1q,x(−hps),
Fp(z) = Fp,x(KApsz − hps)F−1p,x(−hps). (28)
Inverse transformations to those given in Eqs. (13) and
(14) applied in Eqs. (27) allow us to arrive at the expres-
sions giving the evolution of annihilation and creation
operators:
aˆ(z) = U(z)aˆ(z = 0) +V(z)aˆ†(z = 0). (29)
In Eq. (29), the vectors aˆT ≡ [aˆs, aˆi, aˆp] and aˆ†T ≡
[aˆ†s , aˆ
†
i , aˆ
†
p] are conveniently introduced and symbol T de-
notes transposition. The matrices U and V defined as
U(z) =
1
2
[Mq(z) +Mp(z)] ,
V(z) =
1
2
[Mq(z)−Mp(z)] (30)
are expressed in terms of the matrices Mq and Mp:
Mb(z) =
1
2

 fb + Fb,11 −fb + Fb,11
√
2Fb,12
−fb + Fb,11 fb + Fb,11
√
2Fb,12√
2Fb,21
√
2Fb,21 2Fb,22

 ,
b = q, p. (31)
We note that the solution (29) preserves the canonical
commutation relations. As a consequence the matrices
U and V obey the following relations:
U(z)VT (z)−V(z)UT (z) = 0,
U(z)UT (z)−V(z)VT (z) = 1; (32)
0 (1) stands for the zero (unity) 3-dimensional matrix.
III. STATISTICAL PROPERTIES OF THE
MODES IN INDIVIDUAL TRIPLETS
Statistical properties of the interacting signal, idler and
pump modes in a triplet are conveniently described by
the normal characteristic function CN [6] determined for
6the incident statistical operator ̺(z = 0) along the rela-
tion
CN (β, z) = Tr
{
exp[βTa†(z)] exp[−β∗Ta(z)]̺(z = 0)
}
;
(33)
βT ≡ (βs, βi, βp). Assuming the signal and idler modes
in the incident vacuum states and the pump mode in
an incident coherent state corresponding to the classical
field, we can express the normal characteristic function
CN as follows [6]:
CN (β, z) = exp

 ∑
j=s,i,p
[−Bj(z)|βj|2 +Re{Cj(z)β∗2j }]


× exp

 ∑
jk=si,sp,ip
2Re
{
Djk(z)β
∗
j β
∗
k + D¯jk(z)βjβ
∗
k
}
× exp
[
2iIm
{
ξ∗T (z)β
}]
; (34)
Re (Im) denotes the real (imaginary) part of the argu-
ment. In Eq. (34), the coherent amplitudes ξ ≡ (ξs, ξi, ξp)
are given as
ξ(z) = U(z)ξ(z = 0) +V(z)ξ∗(z = 0), (35)
and functions Bj , Cj , Djk, and D¯jk are derived in terms
of the real evolution matrices U and V:
Bj(z) =
∑
k=s,i,p
V 2jk(z),
Cj(z) =
∑
k=s,i,p
Ujk(z)Vjk(z),
Djk(z) =
∑
l=s,i,p
Ujl(z)Vkl(z),
D¯jk(z) = −
∑
k=s,i,p
Vjl(z)Vkl(z). (36)
Using the normal characteristic function CN written in
Eq. (34), the mean intensity ij ≡ 〈ˆij〉 = 〈aˆ†j aˆj〉 of mode
j, j = s, i, p, is obtained in the form:
ij(z) = Bj(z) + |ξj(z)|2, (37)
where the first (second) term on the r.h.s. of
Eq. (37) characterizes the chaotic (coherent) part of the
field. Similarly, the mean squared intensity fluctuation
〈(∆iˆj)2〉 ≡ 〈aˆ†2j aˆ2j〉 − 〈aˆ†j aˆj〉2 of mode j is derived as fol-
lows:
〈[∆iˆj(z)]2〉 = b2j(z) + |cj(z)|2 − 2 |ξj(z)|4 ; (38)
bj(z) ≡ Bj(z) + |ξj(z)|2, cj(z) ≡ Cj(z) + ξ2j (z). Corre-
lation of intensity fluctuations 〈∆iˆj∆iˆk〉 ≡ 〈aˆ†j aˆ†kaˆj aˆk〉 −
〈aˆ†j aˆj〉〈aˆ†kaˆk〉 of modes j and k is determined in the form:
〈∆iˆj(z)∆iˆk(z)〉 = |djk(z)|2+|d¯jk(z)|2−2 |ξj(z)|2 |ξk(z)|2 ;
(39)
djk(z) ≡ Djk(z) + ξj(z)ξk(z) and d¯jk(z) ≡ −D¯jk(z) +
ξ∗j (z)ξk(z).
To quantify the type of statistics and correlations of
the fields it is useful to define the dimensionless reduced
intensity moments rj and intensity-fluctuation moments
rjk along the relations:
rj(z) =
〈ˆi2j (z)〉
〈ˆij(z)〉2
, (40)
rjk(z) =
〈∆iˆj(z)∆iˆk(z)〉
〈ˆij(z)〉〈ˆik(z)〉
. (41)
The signal-idler sub-shot-noise intensity correlations are
described by parameter Rsi defined in terms of the mo-
ments of intensities as (for details, see [55]):
Rsi(z) = 1 +
〈[ˆis(z)− iˆi(z)]2〉
〈ˆis(z)〉+ 〈ˆii(z)〉
. (42)
Nonclassical TWBs are characterized by the values of
parameter Rsi lower than 1, i.e. 〈(ˆis − iˆi)2〉 < 0 for such
TWBs. Phase squeezing in mode j is judged according
to the value of principal squeeze variance λ [56] given as
λj(z) = 1/2 +Bj(z)− |Cj(z)| . (43)
For phase squeezed states, the principal squeeze variance
λ attains values lower than 1/2.
IV. STATISTICAL PROPERTIES OF THE
INTERACTING FIELDS AND THEIR
CORRELATIONS
The signal, idler and pump fields are composed of
many independent modes belonging to individual modes’
triplets. According to the theory presented in [37, 49],
the modes are considered as a direct product of the spec-
tral modes (indexed by q) and the modes defined in the
wave-vector transverse plane (indexed by ml). Before
we apply the results of the previous section, we have
to generalize them to include a random phase ϕ orig-
inating in the incident signal and idler vacuum states
[44, 50, 57]. The classical solution in modes’ triplet mlq
does not necessarily have to be real. The signal and idler
electric-field amplitudes can attain randomly a phase
ϕmlq such that As,mlq → As,mlq exp(iϕmlq) and Ai,mlq →
Ai,mlq exp(−iϕmlq); i.e. the signal- and idler-field phases
compensate each other. The same applies for the oper-
ator solution in a given triplet where we have aˆs,mlq →
aˆs,mlq exp(iϕmlq) and aˆi,mlq → aˆi,mlq exp(−iϕmlq). As a
consequence, the amplitudes ξb, b = s, i, in Eq. (35) and
functions Bb, Cb, Dsi and D¯si in Eq. (36) are modified as
7follows
ξϕs,mlq = ξs,mlq exp(iϕmlq),
ξϕi,mlq = ξi,mlq exp(−iϕmlq),
Bϕs,mlq = Bs,mlq,
Bϕi,mlq = Bi,mlq,
Cϕs,mlq = Cs,mlq exp(2iϕmlq),
Cϕi,mlq = Ci,mlq exp(−2iϕmlq),
Dϕsi,mlq = Dsi,mlq,
D¯ϕsi,mlq = D¯si,mlq exp(−2iϕmlq). (44)
The ensemble averages for physical quantities character-
izing the multi-mode fields are then obtained after aver-
aging over the phases ϕmlq with the uniform distributions
p(ϕmlq) = 1/(2π). These averages are indicated by sub-
script ϕ.
The mean intensity Ij of field j, j = s, i, p, is obtained
as the sum of its coherent 〈Iˆcj 〉ϕ and chaotic 〈Iˆchj 〉ϕ com-
ponents:
Ij ≡ 〈Iˆj〉ϕ = 〈Iˆcj 〉ϕ + 〈Iˆchj 〉ϕ, (45)
〈Iˆcj 〉ϕ =
∑
mlq |ξj,mlq |2, 〈Iˆchj 〉ϕ =
∑
mlq Bj,mlq.
The mean quadratic intensity fluctuation 〈(∆Iˆj)2〉ϕ of
field j is derived along the formula:
〈(∆Iˆj)2〉ϕ =
∑
mlq
[
b2j,mlq + |cj,mlq|2 − 2|ξj,mlq|4
]
. (46)
The mean cross-correlation of intensity fluctuations
〈∆Iˆj∆Iˆk〉ϕ of fields j and k is expressed as:
〈∆Iˆj∆Iˆk〉ϕ =
∑
mlq
[
|djk,mlq |2+|d¯j,mlq|2−2|ξj,mlq|4
]
. (47)
In analogy to the definitions in Eqs. (40—42), we define
parameter R˜si to quantify the signal-idler sub-shot-noise
intensity correlations and reduced intensity moments r˜j
and intensity-fluctuation moments r˜jk for fields j and k:
R˜si = 1 +
〈(Iˆs − Iˆi)2〉ϕ
〈Iˆs〉ϕ + 〈Iˆi〉ϕ
, (48)
r˜j =
〈Iˆ2j 〉ϕ
〈Iˆj〉2ϕ
, (49)
r˜jk =
〈∆Iˆj∆Iˆk〉ϕ
〈Iˆj〉ϕ〈Iˆk〉ϕ
. (50)
The intensity moments also allow for the determination
of an effective number Kn of modes constituting the
TWB [58]:
Kn =
〈Iˆj〉2ϕ
〈(∆Iˆj)2〉ϕ
. (51)
Alternatively, we may quantify the number K of modes
via the ’mean photon-pair amplitudes’ 〈aˆs,mlq aˆi,mlq〉ϕ as
follows [59]:
K =
(∑
mlq |〈aˆs,mlq aˆi,mlq〉ϕ|2
)2
∑
mlq |〈aˆs,mlq aˆi,mlq〉ϕ|4
, (52)
〈aˆs,mlq aˆi,mlq〉ϕ = dsi,mlq.
The spectral intensity (cross-) correlations are de-
scribed by the following intensity-fluctuation auto- (Aj,ω)
and cross- (Cω) correlation functions:
Aj,ω(ωj , ω
′
j) = 〈: ∆[aˆ†j(ωj)aˆj(ωj)]∆[aˆ†j(ω′j)aˆj(ω′j)] :〉⊥,ϕ,
j = s, i, (53)
Cω(ωs, ωi) = 〈: ∆[aˆ†s(ωs)aˆs(ωs)]∆[aˆ†i (ωi)aˆi(ωi)] :〉⊥,ϕ,
(54)
where symbol :: denotes the normal ordering of field op-
erators and subscript ⊥ means averaging over the trans-
verse modes. The intensity-fluctuation correlation func-
tions Aj,ω and Cω are expressed in terms of the Schmidt
spectral modes fj,q, j = s, i, in the form (for details, see
[37]):
Aj,ω(ωj , ω
′
j) =
∑
ml
∣∣∣∣∣
∑
q
f∗j,q(ωj)fj,q(ω
′
j)bj,mlq
∣∣∣∣∣
2
+
∑
mlq
∣∣fj,q(ωj)fj,q(ω′j)cj,mlq∣∣2
− 2
∑
mlq
∣∣fj,q(ωj)fj,q(ω′j)∣∣ |ξj,mlq|4,(55)
Cω(ωs, ωi) =
∑
ml
∣∣∣∣∣
∑
q
fs,q(ωs)fi,q(ωi)dsi,mlq
∣∣∣∣∣
2
+
∑
mlq
∣∣f∗s,q(ωs)fi,q(ωi)d¯si,mlq∣∣2
− 2
∑
mlq
|fs,q(ωs)fi,q(ωi)| |ξs,mlqξi,mlq|2. (56)
Also the pump-field spectral intensity Itrp transferred
into the down-converted fields can approximately be de-
termined along the formula relying on the ’mean photon-
pair amplitudes’:
Itrp (ωp) =
∑
ml
∣∣∣∣
∫ ∞
−∞
dωs
∫ ∞
−∞
dωi δ(ωp − ωs − ωi)
× 〈aˆs,ml(ωs)aˆi,ml(ωi)〉ϕ|2 . (57)
In Eq. (57), the annihilation operators are written in fre-
quencies ω (for details, see [37]). Using the pump-field
modes f
(n)
p,q defined in Eq. (2), the intensity Itrp is ex-
pressed as follows:
Itrp (ωp) =
∑
ml
∣∣∣∣∣
∑
q
f (n)p,q (ωp)dsi,mlq
∣∣∣∣∣
2
. (58)
8V. SUM-FREQUENCY GENERATION AND
HONG-OU-MANDEL INTERFERENCE
Correlations between the signal and idler fields mani-
fest themselves also in the time domain, where they allow
for the observation of the coherent components. To de-
scribe temporal properties of TWBs, we first write the
spatial and spectral positive-frequency operator ampli-
tudes Eˆ
(+)
b,ω (k
⊥
b , ωb) belonging to a monochromatic plane
wave of field b with frequency ωb and transverse wave
vector k⊥b , b = s, i:
Eˆ
(+)
b,ω (k
⊥
b , ωb) = i
√
~ωb
2ε0c
∑
mlq
tb,ml(k
⊥
b )fb,q(ωb)aˆb,mlq.
(59)
In Eq. (59), the Schmidt-mode functions tb,ml describe
the fields in their transverse planes similarly as the al-
ready used Schmidt-mode functions fb,q are applied in
the frequency domain (for details, see [37]). The positive-
frequency operator amplitudes Eˆ
(+)
b (k
⊥
b , tb) appropriate
in the time domain are then expressed in terms of the
temporal Schmidt modes f˜b,q as:
Eˆ
(+)
b (k
⊥
b , tb) =
i√
2ε0c
∑
mlq
tb,ml(k
⊥
b )f˜b,q(tb)aˆb,mlq;(60)
f˜b,q(t) =
1√
2π
∫
dωb
√
ωb
ω0b
fb,q(ωb) exp(−iωbt); (61)
ω0b stands for the central frequency of field b.
Photon flux Ib,t of field b expressed in photon numbers
is then determined as follows:
Ib,t =
2ε0c
~ω0b
〈Eˆ(−)b (t)Eˆ(+)b (t)〉⊥,ϕ
=
∑
ml
∑
q
|f˜b,q(t)|2bb,mlq, b = s, i. (62)
Temporal intensity auto- (Ab,t) and cross-correlation (Ct)
functions are given by the formulas analogous to those in
Eqs. (55) and (56) derived for the spectral correlation
functions.
The process of sum-frequency generation [1] represents
the basic tool in the experimental analysis of temporal
correlations between the signal and idler fields [60]. In the
method, the signal and idler fields are mutually delayed
by time delay τ and then they generate a sum-frequency
field in a nonlinear crystal with χ(2) nonlinearity. Assum-
ing perfect phase matching in the crystal, intensity ISFG
of the sum-frequency field averaged over the transverse
plane is given as:
ISFG(τ) =
η
∫ ∞
−∞
dt〈Eˆ(−)s (t+ τ)Eˆ(−)i (t)Eˆ(+)s (t+ τ)Eˆ(+)i (t)〉⊥,ϕ(63)
where η is a suitable constant linearly proportional to the
squared χ(2) susceptibility. Applying formulas (60) and
(61), relation (63) can be rearranged into the form:
ISFG(τ) =
η~2ω0sω
0
i
4ε20c
2
∫ ∞
−∞
dt
∑
ml
wml
{
∑
q
|f˜s,q(t+ τ)|2bs,mlq
∑
q′
|f˜i,q′(t)|2bi,mlq′
+
∣∣∣∣∣
∑
q
f˜s,q(t+ τ)f˜i,q(t)dsi,mlq
∣∣∣∣∣
2
+
∑
q
∣∣∣f˜∗s,q(t+ τ)f˜i,q(t)d¯si,mlq∣∣∣2
− 2
∑
q
|f˜s,q(t+ τ)f˜i,q(t)|2|ξs,mlqξi,mlq|2
}
.
(64)
The weights wml of transverse modes characterize the
nonlinear spatial overlap of the signal and idler modes.
They are defined as
wml =
∫ 2pi
0
dϕ
∫ ∞
0
drr|ts,ml(r, ϕ)ti,ml(r, ϕ)|2 (65)
using the signal and idler transverse mode functions ts
and ti, respectively, written in the radial coordinates.
We assume that the TWB in the crystal output plane
is imaged into the area of a thin nonlinear crystal used
for the sum-frequency generation.
Temporal correlations in TWBs can also be experi-
mentally analyzed in the Hong-Ou-Mandel interferome-
ter [61] that is based upon mixing the mutually delayed
signal and idler fields (by time delay τ) at a balanced
beam splitter and simultaneous detection of intensities
at both output ports of the beam splitter. The num-
ber R of ’coincident’ intensity detections is given by the
formula
R(τ) =
4ε20c
2
~2ω0sω
0
i
∫ ∞
−∞
dtA
∫ ∞
−∞
dtB
〈Eˆ(−)A (tA)Eˆ(−)B (tB)Eˆ(+)A (tA)Eˆ(+)B (tB)〉⊥,ϕ, (66)
where the operator amplitudes Eˆ
(+)
A and Eˆ
(+)
B at the out-
put ports A and B, respectively, are given as:
Eˆ
(+)
A (t) = rEˆ
(+)
i (t) + tEˆ
(+)
s (t− τ),
Eˆ
(+)
B (t) = t
∗Eˆ
(+)
i (t)− r∗Eˆ(+)s (t− τ). (67)
Symbol r (t) in Eq. (67) stands for the beam-splitter
reflectivity (transmissivity). Formula (66) for the number
R of ’coincident’ intensity detections can be rewritten to
include averaging over the transverse plane:
R(τ) =
4ε20c
2
~2ω0sω
0
i
∫ ∞
−∞
dtA
∫ ∞
−∞
dtB{
〈: ∆
[
Eˆ
(−)
A (tA)Eˆ
(+)
A (tA)
]
∆
[
Eˆ
(−)
B (tB)Eˆ
(+)
B (tB)
]
:〉⊥,ϕ
+ 〈Eˆ(−)A (tA)Eˆ(+)A (tA)〉⊥,ϕ〈Eˆ(−)B (tB)Eˆ(+)B (tB)〉⊥,ϕ
}
.(68)
9Moreover, it is useful to determine the interference pat-
tern formed by the intensity fluctuations ∆I instead of
only intensities I:
R∆(τ) =
4ε20c
2
~2ω0sω
0
i
∫ ∞
−∞
dtA
∫ ∞
−∞
dtB
〈: ∆
[
Eˆ
(−)
A (tA)Eˆ
(+)
A (tA)
]
∆
[
Eˆ
(−)
B (tB)Eˆ
(+)
B (tB)
]
:〉⊥,ϕ.
(69)
The normalized intensity and intensity-fluctuation cor-
relation functions Rn and R
∆
n derived from Eqs. (68) and
(69), respectively, are expressed as follows:
Rn(τ) = 1− 2Re{̺
∆(τ)}
R0 +R∆0
, (70)
R∆n (τ) = 1−
2Re{̺∆(τ)}
R∆0
. (71)
In Eqs. (70) and (71), the complex interference term
̺∆(τ) is given as
̺∆(τ) =
∑
ml
{
|rt|2
[
−2
∑
q
|gqq(τ)|2|ξs,mlqξi,mlq|2
+
∑
qq′
gqq′(τ)g
∗
q′q(τ)d
∗
si,mlqdsi,mlq′
+
∑
qq′
|gqq′(τ)|2bi,mlqbs,mlq′
]}
(72)
using the signal-idler mode amplitude correlation func-
tions gqq′ defined as
gqq′(τ) =
∫ ∞
−∞
dωf∗i,q(ω)fs,q′(ω) exp(iωτ). (73)
The normalization constants R0 and R
∆
0 introduced in
Eqs. (70) and (71) are obtained in the form:
R0 = |rt|2
[(∑
mlq
bi,mlq
)2
+
(∑
mlq
bs,mlq
)2]
+ (|r|4 + |t|4)
∑
mlq
bi,mlq
∑
m′l′q′
bs,m′l′q′ , (74)
R∆0 =
∑
ml
{
|rt|2
∑
q
(−2|ξi,mlq|4 + b2i,mlq + |ci,mlq|2
− 2|ξs,mlq|4 + b2s,mlq + |cs,mlq|2) + (|r|4 + |t|4)
×
∑
q
(−2|ξs,mlqξi,mlq|2 + |dsi,mlq|2 + |d¯si,mlq|2)
}
.
(75)
VI. BEHAVIOR OF INDIVIDUAL MODES’
TRIPLETS
To demonstrate the behavior of the analyzed model
at the elementary level, we first analyze the properties
of individual modes grouped into a typical triplet. We
FIG. 1. Signal (is, solid curves) and pump (ip, dashed curves)
intensities (in photon numbers) as they depend on pump
power P for γ = 1 (⋄), γ = 0.5 (∗), γ = 0.1 (△), and γ = 0
(◦).
consider a 4-mm long BBO crystal cut for non-collinear
type-I process for the spectrally-degenerate interaction
pumped by a pulse at the wavelength λ0p = 349 nm with
spectral width ∆λp = 1 nm (FWHM), transverse profile
with radius wp = 500 µm and repetition rate f = 400 s
−1
impinging on the crystal at normal incidence (for more
details, see [37]). As an example, we investigate the
modes’ properties of the triplet with the greatest initial
pump power. This mode is characterized by the greatest
Schmidt coefficient λmax and overlap factor κ
‖
max that
give K˜κ
‖
maxL = 23.29 W−1/2 for the crystal of length
L = 4 mm. When the pump-power axis P is rescaled
to |λmaxκ‖/(λκ‖max)|2P the results valid for an arbitrary
triplet with the Schmidt coefficient λ and overlap factor
κ‖ are obtained.
The inclusion of the second and third terms in the
momentum operator Gˆ3pint in Eq. (11) results in the gen-
eration of coherent components in the signal and idler
fields, that are initially in the vacuum state. This is
accompanied by the occurrence of a chaotic component
in the pump field. The comparison of curves in Fig. 1
giving the intensities of the signal (is) and pump (ip)
fields shows that they depend only weakly on the pa-
rameter γ quantifying the relative weight of the second
and third terms in the momentum operator Gˆ3pint. The
curves plotted in Fig. 1 show that the increase of signal-
field intensity is with the increasing pump power P stops
at around Pth ≈ 240 mW where the nonlinear process
switches its nonlinear phase and, as a consequence, de-
crease of the signal-field intensity is follows. The relative
weight cs of the signal-field intensity i
c
s of the coherent
component with respect to the overall intensity is is deci-
sive for the properties of TWBs or, more precisely, for the
declination of their properties from those characterizing
the usual chaotic TWBs (γ = 0). The curves drawn in
Fig. 2 show that the weight cs of the signal mode mono-
tonically increases with the increasing parameter γ and is
larger than 30 % for γ = 1. Also, the weight cs naturally
increases with the pump power P . On the other hand,
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FIG. 2. Relative weights cs (solid curves) and cp (dashed
curves) of intensities of the coherent components in the sig-
nal and pump modes, respectively, as they depend on pump
power P for γ = 1 (⋄), γ = 0.5 (∗), γ = 0.1 (△), and γ = 0
(◦).
FIG. 3. Reduced intensity moments of the signal (rs, solid
curves) and pump (cp, dashed curves) modes as they depend
on pump power P for γ = 1 (⋄), γ = 0.5 (∗), γ = 0.1 (△),
and γ = 0 (◦).
the weight cp of the pump mode decreases when both
parameter γ and pump power P increase. For γ = 1, the
incident coherent pump mode is even transformed into a
purely chaotic mode for the threshold pump power Pth.
Whereas the presence of the coherent component in the
signal mode causes the mode’s declination from its inci-
dent chaotic statistics (r = 2) towards the coherent ones
(r = 1), the chaotic component of the pump mode is too
weak to significantly change the mode’s character (see
Fig. 3). This behavior qualitatively changes for pump
powers P around Pth for which all three modes attain
their super-chaotic statistics (r > 2), due to the intense
energy exchange. This is a purely quantum effect. It is
accompanied by the generation of phase-squeezed light
[62] in the pump mode as the curves giving the principal
squeeze variance λp in Fig. 4 confirm.
The three-mode interaction naturally generates corre-
lations among the intensities of the interacting modes.
When γ = 0, the signal and idler photons are emitted
solely in pairs which results in ideal sub-shot-noise cor-
relations between the signal- and idler-field intensities.
The second and third terms in the momentum operator
FIG. 4. Principal squeeze variance λp of the pump mode as it
depends on pump power P for γ = 1 (⋄), γ = 0.5 (∗), γ = 0.1
(△), and γ = 0 (◦).
FIG. 5. Parameter Rsi quantifying the signal-idler sub-shot-
noise intensity correlations as it depends on pump power P
for γ = 1 (⋄), γ = 0.5 (∗), γ = 0.1 (△), and γ = 0.01 (◦).
Gˆ3pint partially break photon pairing which leads to the
loss of ideal sub-shot-noise intensity correlations. How-
ever, the sub-shot-noise intensity correlations still exist
at lower pump powers P , as documented in Fig. 5. It
holds that the smaller the parameter γ the wider the area
of pump powers P in which the sub-shot-noise intensity
correlations are observed. When no sub-shot-noise inten-
sity correlations are found, the classical intensity corre-
lations quantified by the reduced signal-idler intensity-
fluctuation moment rsi still exist (see Fig. 6). If the
parameter γ ≈ 1, the signal-idler intensity-fluctuation
correlations are observed only for weak pump powers P .
On the other hand, the signal-idler intensity-fluctuation
anti-correlations [63, 64] are developed for pump powers
P around Pth. The transition from intensity-fluctuation
correlations to anti-correlations as the pump power P
increases can be understood from the form of momen-
tum operator Gˆ3pint written in Eq. (11) as follows. The
first term in Eq. (11) dominates for lower pump powers
P . It generates photons in pairs, i.e. with ideal inten-
sity (photon number) correlations between the signal and
idler modes. As it is well known, phases of the signal-
and idler-field amplitudes differ only in their signs in this
case [57]. On the other hand, the second and third terms
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FIG. 6. Reduced intensity-fluctuation moments rsi (solid
curves) and rps (dashed curves) quantifying the signal-idler
and pump-signal intensity correlations, respectively, as they
depend on pump power P for γ = 1 (⋄), γ = 0.5 (∗), γ = 0.1
(△), and γ = 0 (◦).
in Eq. (11) are decisive for the properties of TWBs at
greater pump powers P . These terms couple the signal
and idler modes via the pump mode and they enforce
synchronization of the signal- and idler-field phases. As
a consequence, the intensity fluctuations of the signal and
idler modes have to be mutually anti-correlated to com-
ply with the ’phase-intensity uncertainty relations’. The
dominance of the second and third terms in the momen-
tum operator Gˆ3pint for the powers P around Pth also pro-
vides correlations between the signal- (idler-) and pump-
field intensity fluctuations (see Fig. 6).
VII. BEHAVIOR OF THE INTERACTING
FIELDS
We discuss properties of the whole TWB emphasizing
the role of coherent fields’ components. The analyzed
TWB is composed of several hundred thousand spatio-
spectral signal and idler Schmidt modes (for the behavior
of chaotic TWBs, see [37, 43]) that evolve due to the en-
ergy provided by the pump field. Each pair of the signal
and idler modes is accompanied by its own pump mode.
Due to the relation among the modes in an arbitrary
modes’ triplet baaed on the convolution, the pump modes
exhibit faster oscillations in their intensity spectral pro-
files compared to their signal and idler counterparts. In
case of the interaction symmetric with respect to the ex-
change of the signal and idler fields, which is considered
here, the number of local minima in the pump intensity
profile is twice the number of those in the signal (or idler)
intensity profile. The signal and pump profiles of the first
three spectral modes are compared in Fig. 7. In the in-
teraction, depletion of the pump modes may occur inside
the crystal and even the back-flow of energy from the sig-
nal and idler modes into the corresponding pump mode
is observed for sufficiently strong pump fields. This re-
sults in the complex dynamics of multi-mode TWBs, as
we discuss below.
(a) (b)
FIG. 7. (a) Signal (|fs,j |
2) and (b) pump (|f
(n)
p,j |
2) spec-
tral intensity profiles for the first three modes; j = 1 (∗),
2 (△) and 3 (◦). The profiles are normalized such that∫
dωb|fb,j(ωb)|
2/ω0b = 1, b = s, p.
(a) (b)
FIG. 8. (a) Mean signal intensity Is (in photon numbers) and
(b) conversion efficiency c giving the relative energy converted
from the pump field [c ≡ Is(z = L)/Ip(z = 0)] as they depend
on pump power P for γ = 1 (⋄), γ = 0.5 (∗), γ = 0.1 (△),
and γ = 0 (◦).
Owing to pump depletion, the exponential growth of
the signal-field intensity Is with the increasing pump
power P is replaced by a roughly linear growth for greater
pump powers P , independently on the presence of the co-
herent fields’ components [see Fig. 8(a)]. On the other
hand, the coherent fields’ components allow for the faster
exchange of energy between the pump and the down-
converted modes, which results in larger conversion effi-
ciencies c drawn in Fig. 8(b). As follows from the curves
plotted in Fig. 8(b), the conversion efficiencies c approach
9 % for pump powers P greater than 400 mW. The in-
clusion of the second and third terms in the momentum
operator Gˆ3pint in Eq. (11) results in intense coherent com-
ponents in the signal and idler fields. The coherent com-
ponents play an important role for all pump powers P .
The relative contribution ccs of the signal coherent compo-
nent exceeds 40 % for greater pump powers P and γ = 1,
as documented in Fig. 9(a).
On the other hand, the originally coherent pump field
attains also its chaotic component due to its interaction
with the signal and idler fields being initially in the vac-
uum state [see Fig. 9(b)]. However, as the pump field as
a whole is only weakly depleted, it roughly preserves its
initial coherent character. As a rule of thumb, the num-
ber of coherent signal photons is roughly comparable to
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(a) (b)
FIG. 9. Relative contribution of (a) the signal coherent com-
ponent ccs (c
c
s ≡ 〈Iˆ
c
s 〉/〈Iˆs〉) and (b) the pump chaotic compo-
nent cchp (c
ch
p ≡ 〈Iˆ
ch
p 〉/〈Iˆp〉) as they depend on pump power P
for γ = 1 (⋄), γ = 0.5 (∗), γ = 0.1 (△), and γ = 0 (◦).
FIG. 10. Pump intensity spectral profile Ip (solid curve with-
out symbols) and profile Itrp of the pump intensity transferred
to the TWB for γ = 0 (◦) and γ = 1 (⋄) for P = 1× 10−8 W
(nearly coinciding dashed curves) and P = 170 mW (nearly
coinciding solid curves). The profiles are normalized such that∫
dωpIp(ωp)/ω
0
p = 1 and
∫
dωpI
tr
p (ωp)/ω
0
p = 1.
the number of chaotic pump photons [compare the curves
in Figs. 8(b), 9(a) and 9(b)]. The pump field looses its
photons mainly in the central part of its spectrum, as
shown in Fig. 10. The spectral curve quantifying this
effect closely reflects the phase matching conditions at
low pump powers P (see the curves for P = 1× 10−8 W
in Fig. 10). For greater pump powers P , the appropriate
curve is smoothed due to the complex exchange of energy
between the pump and the down-converted fields (see the
curves for P = 170 mW in Fig. 10). The comparison of
curves in Fig. 10 reveals that the presence of coherent
components only weakly influences the spectral curves.
Also the number K of modes constituting the TWB
is only weakly affected by the coherent components (see
Fig. 11). As shown in Fig. 11, the numberK of modes de-
creases with the increasing pump power P first and then
it increases owing to pump depletion inside the individual
modes’ triplets [42]. Numbers K and Kn of modes deter-
mined from photon-pair amplitude correlation functions
and photon-number statistics, respectively, are also com-
pared in Fig. 11: They both are suitable for the quantifi-
cation of the number of TWB modes. Whereas the first
FIG. 11. Number of modes in the TWB determined by
Eq. (51) (Kn, dashed curves) and Eq. (52) (K, solid curves)
as they depend on pump power P for γ = 1 (⋄), γ = 0.5 (∗)
and γ = 0 (◦).
FIG. 12. Width ∆As,ω [∆Cs,ω] of intensity-fluctuation sig-
nal auto- [cross-] correlation function (solid [dashed] curves,
FWHM) as it depends on pump power P for γ = 1 (⋄), γ = 0.5
(∗) and γ = 0 (◦). The curves giving ∆As,ω and ∆Cs,ω for
γ = 0 nearly coincide; Cs,ω(ωs) ≡ Cω(ωs, ω
0
i ).
number is more suitable for theoretical calculations, the
second one is experimentally available via the measure-
ment of the photocount statistics [65].
Spectral coherence of the TWB described by both
the signal-field intensity-fluctuation auto- and cross-
correlation functions As,ω and Cω behaves in the op-
posed way to the number K of modes: It increases
with the increasing pump power P until its maximum
ie reached at the threshold pump power Pth and then it
decreases (see Fig. 12). Whereas the spectral profiles of
intensity-fluctuation auto-correlation functions As,ω de-
pend only weakly on the strength of the coherent com-
ponents (given by parameter γ), the spectral profiles
of intensity-fluctuation cross-correlation functions Cω re-
main practically unchanged for γ ∈ 〈0, 0.5〉. Positive cor-
relations between the signal- and idler-field intensity fluc-
tuations in the vicinity of the central peak and negative
correlations outside this region are typical for γ ∈ (0.5, 1〉
(see Fig. 13 for the profiles of Crω plotted for γ = 0.5, 0.8,
and 1). This behavior is caused by the presence of intense
signal and idler coherent components whose generation
is accompanied by negative cross-correlations of inten-
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FIG. 13. Relative spectral intensity-fluctuation cross-
correlation function Crs,ω(ωs) as it depends on relative signal
frequency ωs/ω
0
s for γ = 1 (⋄), γ = 0.8 (+) and γ = 0 (◦);
Crs,ω(ωs) ≡ Cω(ωs, ω
0
i )/max(Cω(ωs, ω
0
i )), function max gives
the maximum, P = 170 mW.
sity fluctuations (see Fig. 6 for individual modes’ triplets
and Fig. 15 below for the whole fields). Width of the
central peak in the intensity-fluctuation cross-correlation
function Cω then naturally decreases with the increas-
ing values of parameter γ (see the curve in Fig. 13 for
γ = 1). For the pump powers P greater than 200 mW
and γ = 1, the central peak in the intensity-fluctuation
cross-correlation function is even lost and it is replaced
by a dip. Hand in hand, a shallow dip is formed in the
signal (and idler) intensity spectral profiles. We note
that the widths of the signal (and idler) intensity spec-
tral profiles decrease with the increasing pump power P
until Pth is reached and then they increase. This is an-
other manifestation of the internal dynamics of TWBs.
Detailed relationship between the internal dynamics of a
TWB and its properties is discussed in [43].
The most striking feature of ideal (i.e. noiseless)
chaotic TWBs is their perfect signal-idler intensity sub-
shot-noise cross-correlation quantified by parameter R˜si
defined in Eq. (48) (R˜si = 0). This originates in the ideal
pairwise character of chaotic TWBs in which each sig-
nal photon is accompanied by its own idler twin. The
coherent components in both the signal and idler fields
disturb this ideal pairing. This results in the gradual sup-
pression of sub-shot-noise intensity correlations, which
has been reported in the experiment [11]. As shown in
Fig. 14, the greater the parameter γ the greater the val-
ues of parameter R˜si. Also, the greater the pump power
P the greater the values of parameter R˜si. The inten-
sity sub-shot-noise correlations are completely lost for
greater pump powers P . However, classical correlations
between the signal- and idler-field intensities remain also
for greater pump powers P [for the reduced signal-idler
intensity-fluctuation moment r˜si defined in Eq. (50), see
Fig. 15]. The signal-idler intensity-fluctuation correla-
tions are positive for γ ∈ 〈0, 0.5〉 and attain their maxi-
mal values for pump powers around Pth. However, con-
sidering γ ∈ (0.5, 1〉, the correlations are negative for
greater pump powers P as a consequence of the presence
FIG. 14. Parameter R˜si determining the signal-idler sub-shot-
noise intensity correlations as it depends on pump power P
for γ = 1 (⋄), γ = 0.5 (∗), γ = 0.1 (△), and γ = 0.01 (+).
FIG. 15. Reduced signal-idler intensity-fluctuation moment
r˜si as it depends on pump power P for γ = 1 (⋄), γ = 0.5 (∗),
γ = 0.1 (△), and γ = 0 (◦).
of more intense coherent components [63, 64]. We note
that the overall signal-field photon-number statistics ap-
proach the Poissonian distributions as the signal field is
composed of many modes (r˜s = 1).
VIII. INTERFERENCE PATTERNS IN
SUM-FREQUENCY GENERATION AND
HONG-OU-MANDEL INTERFEROMETER
In this section, we discuss the influence of coherent
components on the temporal correlation functions arising
in the mutual interference of the signal and idler fields.
First, we analyze the intensity ISFG of the sum-
frequency field generated by the mutually delayed sig-
nal and idler fields. The profile of intensity ISFG plotted
versus the time delay τ is composed of two superimposed
peaks (see Fig. 16). A broad peak is formed by the tem-
poral intensity profiles of the ’independent’ signal and
idler fields [see the first term in Eq. (64)]. When the
coherent components occur, they modify the broad peak
mainly in its central part, where they slightly reduce the
intensities [see the fourth term in Eq. (64)]. On the other
hand, a narrow peak arises due to the amplitude cross-
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(a) (b)
FIG. 16. (a) Intensity ISFG of the sum-frequency field and
(b) its contribution ISFGξ created by the coherent components
[the fourth term in Eq. (64)] as functions of time delay τ for
γ = 1 (⋄), γ = 0.5 (∗) and γ = 0 (◦); P = 170 mW. The field
is normalized such that
∫
dτISFG(τ ) = 1.
(a) (b)
FIG. 17. (a) Width ∆ISFGb of the broad intensity peak of the
sum-frequency field (solid curves, FWHM) and width ∆Is,t
of the signal-field photon flux (dashed curves, FWHM) and
(b) width ∆ISFGn of the narrow intensity peak of the sum-
frequency field (FWHM) as they depend on pump power P
for γ = 1 (⋄), γ = 0.5 (∗) and γ = 0 (◦).
correlations between the signal and idler fields. Roughly
speaking, it is formed by the interference of the photons
belonging to the same photon pair. As such, the narrow
peak’s height decreases with the increasing influence of
the coherent components. The reason is that the coher-
ent components lower the number of paired photons [via
reducing coefficients d in the second term in Eq. (64)].
On the other hand, the coherent components create ’lin-
ear coupling’ between the signal and idler fields which,
however, has only negligible influence on the narrow peak
[through the third term in Eq. (64)].
These mechanisms explain the behavior of widths
∆ISFGb and ∆I
SFG
n of the broad and narrow peaks, re-
spectively, as the pump power P varies. Whereas the
width ∆ISFGb of the broad peak narrows for the pump
powers P around the threshold power Pth [see Fig. 17(a)],
the width ∆ISFGn of the narrow peak broadens in this
area [see Fig. 17(b)]. This corresponds to the narrowing
of the temporal intensity profiles of the signal and idler
fields and broadening of the temporal intensity cross-
correlation functions. The increase of width ∆ISFGn of the
narrow peak for the pump powers P above the thresh-
old power Pth observed in the curve drawn for γ = 1 in
FIG. 18. Visibility V SFG of the narrow intensity peak of the
sum-frequency field as it depends on pump power P for γ = 1
(⋄), γ = 0.5 (∗) and γ = 0 (◦); V SFG ≡ ISFGn /(I
SFG
n + I
SFG
b )
where ISFGn (I
SFG
b ) gives the intensity of the narrow (broad)
peak.
(a) (b)
FIG. 19. (a) Normalized intensity-fluctuations correlation
function R∆n in the Hong-Ou-Mandel interferometer as a func-
tion of time delay τ for γ = 1 (⋄), γ = 0.5 (∗) and γ = 0 (◦);
P = 170 mW. In (b), detail of the central part of R∆n (τ ) is
plotted.
Fig. 17(b) indicates the dominance of the coherent com-
ponents above the chaotic contributions (for details, see
the discussion of the Hong-Ou-Mandel interference be-
low).
Considering only chaotic TWBs the visibility V SFG of
the narrow peak depends only weakly on pump power
P (see Fig. 18). The coherent components considerably
reduce the visibility V SFG, up to 1/7 for pump powers
P ≤ Pth and even 1/20 for P > Pth for the analyzed case
and γ = 1.
Two different time constants clearly visible in the in-
tensity profile ISFG(τ) of the sum-frequency field are also
observed in the normalized intensity-fluctuations corre-
lation function R∆n plotted as a function of the mutual
time delay τ between the signal and idler fields propagat-
ing in the Hong-Ou-Mandel interferometer (see Fig. 19).
For chaotic TWBs, the profile R∆n consists of two central
dips. Similarly as in the case of sum-frequency gener-
ation, the broader dip is related to the mutual overlap
of the signal- and idler-field intensities, whereas the nar-
rower dip arises from intensity cross-correlations of the
fields. The presence of the coherent components qualita-
tively changes the profile of correlation function R∆n , as
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FIG. 20. (a) Visibility V HOM of the normalized intensity-
fluctuations correlation function R∆n as a function of pump
power P for γ = 1 (⋄), γ = 0.5 (∗) and γ = 0 (◦). In (b)
visibility V HOMξ [V
HOM
d ] of the coherent [chaotic] contribu-
tion as given by the first [second] term in Eq. (72) is plotted
(dashed [solid] curves); V HOM = (R∆n,max − R
∆
n,min)/R
∆
n,max,
where R∆n,max (R
∆
n,min) denotes the maximal (minimal) value.
their contribution to the correlation function R∆n differs
in the sign compared to that of the chaotic contribution.
As a consequence, the original narrow dip in a chaotic
TWB gradually changes into a narrow peak when the
role of coherent components increases. As the coherent
components influence also the asymptotic values of corre-
lation function R∆(τ → ±∞) used in the normalization,
we even observe negative values of the normalized corre-
lation function R∆n (see the curve for γ = 1 in Fig. 19).
It holds that the greater the parameter γ, the larger the
coherent contributions and also the lower the chaotic con-
tribution to the correlation function R∆n .
Visibility V HOM of the normalized intensity-
fluctuations correlation function R∆n remains maximal
(V HOM = 1) with the increasing pump power P only
for purely chaotic TWBs [see Fig. 20(a)]. TWBs with
nonzero coherent components partly loose their visibility
in the area around the threshold power Pth. Closer
inspection of visibilities V HOMξ and V
HOM
d characterizing
the coherent and chaotic contributions to the correlation
function R∆n , respectively, reveals qualitatively different
behavior of both contributions. We note that the
coherent (chaotic) contribution is described by the
first [second] term in Eq. (72). Whereas the visibility
V HOMd of the chaotic contribution drops down with the
increasing pump power P , the visibility V HOMξ of the
coherent contribution increases [see Fig. 20(b)]. Both
contributions are balanced for pump powers P ≤ Pth
and so the overall visibility V HOM remains close to one
in this region. However, this balance is lost for greater
pump powers P > Pth which results in lower values of
the visibility V HOM observed in this region. We note
that the visibility of the normalized intensity correlation
function Rn defined in Eq. (70) is practically negligible
for the discussed pump powers P . This visibility equals
one for low pump powers P [66] and then it drops fast
close to zero when the pump power P increases [67, 68].
Also the widths of the dips and peaks in the correla-
tion functions change with the increasing pump power P .
(a) (b)
FIG. 21. (a) Width ∆R∆n of the broad dip in the normalized
intensity-fluctuations correlation function R∆n (FWHM) and
(b) width ∆R∆n,ξ [∆R
∆
n,d] of the narrow peak [dip] caused by
the coherent [chaotic] contribution (the first [second] term in
Eq. (72), FWHM, dashed [solid] curves) as they depend on
pump power P ; γ = 1 (⋄), γ = 0.5 (∗) and γ = 0 (◦).
The width ∆R∆b of the broad dip in the correlation func-
tion R∆n attains its (local) minimum in the area of pump
powers around Pth [see Fig. 21(a)]. Contrary to this, the
widths ∆R∆n,ξ and ∆R
∆
n,d of the narrow coherent peak
and narrow chaotic dip, respectively, reach their maxima
in this area [see Fig. 21(b)]. As it is evident from the
curves plotted in Fig. 21(b) the coherent peak is broader
than the chaotic dip, but both together form a narrow
central dip or peak. The curves in Fig. 21 show that the
coherent components influence only weakly the charac-
teristic temporal widths of the correlation function R∆n .
IX. CONCLUSIONS
Treating the nonlinear dynamics of intense parametric
down-conversion in terms of individual modes’ triplets
we were able to investigate the nonlinear process in the
regime with pump depletion. The generation of coher-
ent components in the otherwise chaotic signal and idler
fields has been revealed. The influence of coherent com-
ponents on the properties of the emitted intense twin
beams has been analyzed considering twin-beam inten-
sity, signal and idler intensity correlations, numbers of
modes constituting the twin beam, and spectral intensity
auto- and cross-correlation functions versus the pump
power. The analysis of the interference patterns observed
in the process of sum-frequency generation and in the
Hong-Ou-Mandel interferometer has revealed that both
of them allow for the experimental observation of the
coherent components in intense twin beams. Whereas
the coherent components considerably reduce the nar-
row peak in the interference pattern of sum-frequency
generation, they form a narrow peak at the bottom of a
broad dip in the Hong-Ou-Mandel interference pattern.
We believe that the obtained theoretical results will stim-
ulate further experimental investigations of intense twin
beams.
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